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Analytic functions in a bidisc of bounded L-index in joint variables
A. I. Bandura, N. V. Petrechko, O. B. Skaskiv Analytic functions in a bidisc of bounded L-index
in joint variables, Mat. Stud. ? (2016), ?–?.
A concept of boundedness of L-index in joint variables (see in Bordulyak M.T. The space
of entire in Cn functions of bounded L-index, Mat. Stud., 4 (1995), 53–58. (in Ukrainian))
is generalised for analytic in a bidisc function. We proved criteria of boundedness of L-index
in joint variables which describe local behaviour of partial derivative and give an estimate of
maximum modulus on a skeleton of polydisc. Some improvements of known sufficient conditions
of boundednees of L-index in joint variables are obtained.
1. Introduction. Recently authors together with M. T. Bordulyak [1] introduced a class
of entire functions of bounded of L-index in joint variables with L(z) = (l1(z), . . . , ln(z)),
z = (z1, z2, . . . , zn) ∈ C
n. It was a generalisation of previous definition with L(z) = (l1(z1),
. . . , ln(zn)), supposed by M. T. Bordulyak and M. M. Sheremeta [2, 3]. Meanwhile there are
known papers of S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [4, 5], devoted to l-index of
analytic in a disc or in an arbitrary domain function. Their investigations are particularized
in a monograph of Sheremeta [6] where listed a full bibliography on this topic. However
they only considered the functions of one complex variable. There are only two papers about
analytic in some domain functions of bounded index [7, 8]. J. Gopala Krishna and S. M. Shah
[7] introduced an analytic in a domain (a nonempty connected open set) Ω ⊂ Cn (n ∈ N)
function of bounded index for α = (α1, . . . , αn) ∈ R
n
+. If L(z) ≡
(
1
α1
, . . . , 1
αn
)
and Ω = Cn
then a Bordulyak-Sheremeta’s definition [2, 3] matches with a Krishna - Shah’s definition.
Besides, analytic in a domain function of bounded index by Krishna and Shah is an entire
function. It follows from necessary condition of l-index boundedness for analytic in the unit
disc function ([6],Th.3.3, p.71):
∫ r
0
l(t)dt→∞ as r → 1.
In other above-mentioned preprint [8] authors proposed a generalisation of analytic in a
domain function of bounded index, which was introduced by J. G. Krishna and S. M. Shah.
We used slice function to explore properties of analytic in the unit ball functions of bounded
L-index in direction. This approach is well studied for entire functions in [9, 10, 11, 12, 13, 14].
For analytic in the unit ball functions we proved necessary and sufficient conditions
of boundedness of L-index in direction for analytic functions, got sufficient conditions of
boundedness of L-index in direction for analytic solutions of PDE and estimated growth of
the functions, etc. Thus, method of slices is well suited as for entire functions in Cn as for
analytic functions in a ball.
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Besides a ball, an important geometric object in Cn is a polydisc. At same time there was
not flexible definition of bounded index for analytic functions of several variables by approach
of M. Sheremera, M. Bordulyak, M. Salmassi, F. Nuray, R. Patterson, B. C. Chakraborty
[2, 3, 15, 16, 17, 19, 20, 21]. Above we noted that analytic function of bounded index by
Krishna and Shah is an entire function. Thus, necessity arises to introduce and to study
analytic in polydisc functions of bounded L-index in joint variables.
2. Main definitions and notations. For simplicity we consider two-dimensional complex
space, i. e. C2. This helps to distinguish main methods of investigation. Indeed our results
can be easy deduced for Cn.
We need some standard notations. Denote R+ = [0,+∞), 0 = (0, 0) ∈ R
2
+, 1 = (1, 1) ∈
R2+, R = (r1, r2) ∈ R
2
+, z = (z1, z2). For A = (a1, a2) ∈ R
2, B = (b1, b2) ∈ R
2, we put
AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), b 6= 0, A
B = ab11 a
b2
2 , b ∈ Z
2
+,
and the notation A < B means that aj < bj , j ∈ {1, 2}; the relation A ≤ B is defined
similarly. For K = (k1, . . . , kn) ∈ Z
n
+ denote ‖K‖ = k1 + · · ·+ kn, K! = k1! · . . . · kn!.
The polydisc {z ∈ C2 : |zj − z
0
j | < rj , j = 1, 2} is denoted by D
2(z0, R), its skeleton
{z ∈ C2 : |zj − z
0
j | = rj, j = 1, 2} is denoted by T
2(z0, R), and the closed polydisc {z ∈ C2 :
|zj − z
0
j | ≤ rj , j = 1, 2} is denoted by D
2[z0, R], D2 = D2(0, 1), D = {z ∈ C : |z| < 1}. For
p, q ∈ Z+ and partial derivative of analytic in D
2 function F (z1, z2) we will use the notation
F (p,q)(z1, z2) :=
∂p+qF (z1, z2)
∂zp1∂z
q
2
.
Let L(z) = (l1(z1, z2), l2(z1, z2)), where lj(z1, z2) : D
2 → R+ is a continuous function such
that
∀(z1, z2) ∈ D
2 lj(z1, z2) >
β
1− |zj |
, j ∈ {1, 2}
where β > 1 is a some constant, β = (β, β). Strochyk S. N., Sheremeta M. M., Kushnir V.
O. [6, 4, 5] imposed a similar condition for a function l : D→ R+ and l : G→ R+, where G
is arbitrary domain in C.
An analytic function F : D2 → C is called a function of bounded L-index (in joint vari-
ables), if there exists n0 ∈ Z+ such that for all (z1, z2) ∈ D
2 and for all (p1, p2) ∈ Z
2
+
1
p1!p2!
|F (p1,p2)(z1, z2)|
lp11 (z1, z2)l
p2
2 (z1, z2)
≤ max
{
1
k1!k2!
|F (k1,k2)(z1, z2)|
lk11 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ n0
}
. (1)
The least such integer n0 is called the L-index in joint variables of the function F (z1, z2) and
is denoted by N(F,L,D2) = n0. It is an analog of definition of entire function of bounded
L-index in joint variables in C2 (see [1, 2, 3]).
By Q2(D2) we denote the class of functions L, which satisfy the condition
∀rj ∈ [0, β], j ∈ {1, 2} : 0 < λ1,j(R) ≤ λ2,j(R) <∞,
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where
λ1,j(R) = inf
(z01 ,z
0
2)∈D
2
inf
{
lj(z1, z2)
lj(z01 , z
0
2)
: (z1, z2) ∈ D
2
[
z0,
R
L(z0)
]}
, (2)
λ2,j(R) = sup
(z01 ,z
0
2)∈D
2
sup
{
lj(z1, z2)
lj(z01 , z
0
2)
: (z1, z2) ∈ D
2
[
z0,
R
L(z0)
]}
, (3)
R
L(z0)
:=
(
r1
l1(z01 , z
0
2)
,
r2
l2(z01 , z
0
2)
)
.
Example 1. The function F (z1, z2) = exp
1
(1−z1)(1−z2)
has bounded L-index in joint variables
with L(z1, z2) =
(
1
(1−|z1|)2(1−|z2|)
, 1
(1−|z1|)(1−|z2|)2
)
and N(F,L,D2) = 0.
3. Behaviour of derivatives of function of bounded L-index in joint variables.
Denote B = (0, β] and B2 = (0, β]× (0, β], where × means the Cartesian product,
Theorem 1. Let L ∈ Q2(D2). An analytic in D2 function F has bounded L-index in joint
variables if and only if for each R ∈ B2 there exist n0 ∈ Z+, p0 > 0 such that for every
z0 = (z01 , z
0
2) ∈ D
2 there exists (k01, k
0
2) ∈ Z
2
+, 0 ≤ k
0
1 + k
0
2 ≤ n0, and
max
{
1
k1!k2!
|F (k1,k2)(z1, z2)|
lk11 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ n0, (z1, z2) ∈ D
2
[
z0,
R
L(z0)
]}
≤
≤
p0
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
. (4)
Proof. Let F be of bounded L-index in joint variables with N = N(F,L,D2) <∞. For every
rj ∈ (0, β], j ∈ {1, 2} we put
q = q(R) = ⌊2(N + 1)(r1 + r2)
2∏
j=1
(λ1,j(R))
−N(λ2,j(R))
N+1⌋ + 1
where ⌊x⌋ is the entire part of the real number x, i.e. it is a floor function. For p ∈ {0, . . . , q}
and z0 ∈ D2 we denote
Sp(z
0, R) = max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N, z ∈ D
2
[
z0,
pR
qL(z0)
]}
,
S∗p(z
0, R) = max
{
|F (K)(z1, z2)|
k1!k2!l
k1
1 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: 0 ≤ k1 + k2 ≤ N, z ∈ D
2
[
z0,
pR
qL(z0)
]}
.
Using (2) and D2
[
z0, pR
qL(z0)
]
⊂ D2
[
z0, R
L(z0)
]
, we have
Sp(z
0, R) =
=max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: 0≤k1 +k2 ≤N, z ∈D
2
[
z0,
pR
qL(z0)
]}
≤
≤ S∗p(z
0, R)max
{
lN1 (z
0
1 , z
0
2)l
N
2 (z
0
1 , z
0
2)
lN1 (z1, z2)l
N
2 (z1, z2)
: z ∈ D2
[
z0,
pR
qL(z0)
]}
≤
≤ S∗p(z
0, R)
1
(λ1,1(R)λ1,2(R))N
= S∗p(z
0, R)
2∏
j=1
(λ1,j(R))
−N .
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and, using (3), we obtain
S∗p(z
0, R) =
= max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
lk11 (z1, z2)l
k2
2 (z1, z2)
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
:k1 +k2 ≤ N, z ∈ D
2
[
z0,
pR
qL(z0)
]}
≤
≤ max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
(λ2,1(R))
k1(λ2,2(R))
k2 :k1 +k2 ≤N, z ∈ D
2
[
z0,
pR
qL(z0)
]}
≤
≤ Sp(z
0, R)(λ2,1(R)λ2,2(R))
N = Sp(z
0, R)
2∏
j=1
(λ2,j(R))
N . (5)
Let K(p) = (k
(p)
1 , k
(p)
2 ), k
(p)
1 + k
(p)
2 ≤ N and z
(p) = (z
(p)
1 , z
(p)
2 ) ∈ D
2
[
z0, pR
qL(z0)
]
be such that
S∗p(z
0, R) =
|F (k
(p)
1 ,k
(p)
2 )(z
(p)
1 , z
(p)
2 )|
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
(6)
Since by the maximum principle z(p) ∈ T2(z0, pR
qL(z0)
), we have z(p) 6= z0. We choose
z˜
(p)
1 = z
0
1 +
p−1
p
(z
(p)
1 − z
0
1) and z˜
(p)
2 = z
0
2 +
p−1
p
(z
(p)
2 − z
0
2). Then for every j ∈ {1, 2} we have
that
|z˜
(p)
j − z
0
j | =
p− 1
p
|z
(p)
j − z
0
j | =
p− 1
p
prj
qlj(z01 , z
0
2)
(7)
|z˜
(p)
j − z
(p)
j | = |z
0
j +
p− 1
p
(z
(p)
j − z
0
j )− z
(p)
j | =
1
p
|z0j − z
(p)
j | =
1
p
prj
qlj(z01 , z
0
2)
=
rj
qlj(z01 , z
0
2)
(8)
From (7) we obtain z˜(p) ∈ D2
[
z0, (p−1)R
q(R)L(z0)
]
and thus
S∗p−1(z
0, R) ≥
|F (k
(p)
1 ,k
(p)
2 )(z˜(p))|
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
From (6) it follows that
0 ≤ S∗p(z
0, R)− S∗p−1(z
0, R) ≤
|F (k
(p)
1 ,k
(p)
2 )(z(p))| − |F (k
(p)
1 ,k
(p)
2 )(z˜(p))|
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
=
=
1
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
∫ 1
0
d
dt
|F (k
(p)
1 ,k
(p)
2 )(z˜(p) + t(z(p) − z˜(p)))|dt ≤
≤
1
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
∫ 1
0
(|z
(p)
1 − z˜
(p)
1 | · |F
(k
(p)
1 +1,k
(p)
2 )(z˜(p) + t(z(p) − z˜(p)))|+
+|z
(p)
2 − z˜
(p)
2 | · |F
(k
(p)
1 ,k
(p)
2 +1)(z˜(p) + t(z(p) − z˜(p)))|)dt =
=
1
k
(p)
1 !k
(p)
2 !l
k
(p)
1
1 (z
0
1 , z
0
2)l
k
(p)
2
2 (z
0
1 , z
0
2)
(|z
(p)
1 − z˜
(p)
1 | · |F
(k
(p)
1 +1,k
(p)
2 )(z˜(p) + t∗(z(p) − z˜(p)))|+
+|z
(p)
2 − z˜
(p)
2 | · |F
(k
(p)
1 ,k
(p)
2 +1)(z˜(p) + t∗(z(p) − z˜(p)))|), (9)
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where 0 ≤ t∗ ≤ 1, z˜(p) + t∗(z(p) − z˜(p)) ∈ D2(z0, pR
qL(z0)
). For z ∈ D2(z0, pR
qL(z0)
) and j = (j1, j2),
j1 + j2 ≤ N + 1 we have
|F (j1,j2)(z1, z2)|l
j1
1 (z1, z2)l
j2
2 (z1, z2)
j1!j2!l
j1
1 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)l
j1
1 (z1, z2)l
j2
2 (z1, z2)
≤
≤ (λ2,1(R))
j1(λ2,2(R))
j2 max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N
}
≤
≤
2∏
j=1
(λ2,j(R))
N+1(λ1,j(R))
−N max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: 0 ≤ k1 + k2 ≤ N
}
≤
≤
2∏
j=1
(λ2,j(R))
N+1(λ1,j(R))
−NS∗p(z
0, R).
From (9) and (8) we obtain
0 ≤ S∗p(z
0, R)− S∗p−1(z
0, R) ≤
≤
2∏
j=1
(λ2,j(R))
N+1(λ1,j(R))
−NS∗p(z
0, R)
2∑
j=1
(k
(p)
j + 1)lj(z
0
1 , z
0
2)|z
(p)
j − z˜
(p)
j | =
=
2∏
j=1
(λ2,j(R))
N+1(λ1,j(R))
−N
S∗p(z
0, R)
q(R)
2∑
j=1
(k
(p)
j + 1)rj ≤
≤
2∏
j=1
(λ2,j(R))
N+1(λ1,j(R))
−N
S∗p(z
0, R)
q(R)
(N + 1)(r1 + r2) ≤
1
2
S∗p(z
0, R).
This inequality implies
S∗p(z
0, R) ≤ 2S∗p−1(z
0, R),
and in view of inequalities (5) and (6) we have
Sp(z
0, R) ≤ 2
2∏
j=1
(λ1,j(R))
−NS∗p−1(z
0, R) ≤ 2
2∏
j=1
(λ1,j(R))
−N(λ2,j(R))
NSp−1(z
0, R)
Therefore,
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N, z ∈ D
2
[
z0,
pR
qL(z0)
]}
=
= Sq(z
0, R) ≤ 2
2∏
j=1
(λ1,j(R))
−N(λ2,j(R))
NSq−1(z
0, R) ≤ . . . ≤
≤ (2
2∏
j=1
(λ1,j(R))
−N(λ2,j(R))
N)qS0(z
0, R) =
= (2
2∏
j=1
(λ1,j(R))
−N(λ2,j(R))
N)q max
{
|F (k1,k2)(z01 , z
0
2)|
k1!k2!l
k1
1 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: 0 ≤ k1 + k2 ≤ N
}
. (10)
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From (10) we obtain inequality (4) with p0 = (2
∏2
j=1(λ1,j(R))
−N(λ2,j(R))
N)q and some
k0 = k01 + k
0
2 ≤ N . The necessity of condition (4) is proved.
Now we prove the sufficiency. Suppose that for every R ∈ B2 ∃n0 ∈ Z+, p0 > 1 such that
∀z0 ∈ D
2 and some k0 ∈ Z
2
+, k
0
1 + k
0
2 ≤ n0, the inequality (4) holds.
We write Cauchy’s formula as following ∀z0 ∈ D2 ∀k ∈ Z2+ ∀s ∈ Z
2
+
F (k1+s1,k2+s2)(z01 , z
0
2)
s1!s2!
=
1
(2pii)2
∫
T2
(
z0, R
L(z0)
)
F (k1,k2)(z1, z2)
(z1 − z01)
s1+1(z2 − z02)
s2+1
dz1dz2.
Therefore, applying (4), we have
|F (k1+s1,k2+s2)(z01 , z
0
2)|
s1!s2!
≤
1
(2pi)2
∫
T2
(
z0, R
L(z0)
)
|F (k1,k2)(z1, z2)|
|z1 − z01 |
s1+1|z2 − z02 |
s2+1
|dz1||dz2| ≤
≤
1
(2pi)2
∫
T2
(
z0, R
L(z0)
) |F (k1,k2)(z1, z2)|
ls1+11 (z
0)ls2+12 (z
0)
r1s1+1r2s2+1
|dz1||dz2| ≤
≤
∫
T2
(
z0, R
L(z0)
) |F (k
0
1,k
0
2)(z01 , z
0
2)|
k1!k2!p0(λ2,1(R)λ2,2(R))
n0ls1+k1+11 (z
0)ls2+k2+12 (z
0)
(2pi)2k01!k
0
2!r1
s1+1r2s2+1l
k01
1 (z
0)l
k02
2 (z
0)
|dz1||dz2| =
= |F (k
0
1,k
0
2)(z01 , z
0
2)|
k1!k2!p0(λ2,1(R)λ2,2(R))
n0ls1+k11 (z
0)ls2+k22 (z
0)
k01!k
0
2!r1
s1r2s2l
k01
1 (z
0)l
k02
2 (z
0)
.
This implies
|F (k1+s1,k2+s2)(z01 , z
0
2)|
(k1 + s1)!(k2 + s2)!l
s1+k1
1 (z
0)ls2+k22 (z
0)
≤
(λ2,1(R)λ2,2(R))
n0p0k1!k2!s1!s2!
(k1 + s1)!(k2 + s2)!r
s1
1 r
s2
2
|F (k
0
1,k
0
2)(z01 , z
0
2)|
k01!k
0
2!l
k01
1 (z
0)l
k02
2 (z
0)
.
(11)
Obviously, that
k1!k2!s1!s2!
(k1 + s1)!(k2 + s2)!
=
s1!
(k1 + 1) · . . . · (k1 + s1)
s2!
(k2 + 1) · . . . · (k2 + s2)
≤ 1.
We choose rj ∈ (1, β], j ∈ {1, 2}. Hence,
(λ2,1(R)λ2,2(R))
n0p0
rs11 r
s2
2
→ 0 as s1 + s2 → +∞.
Thus, there exists s0 such that as s1 + s2 ≥ s0 the inequality holds:
(λ2,1(R)λ2,2(R))
n0p0k1!k2!s1!s2!
(k1 + s1)!(k2 + s2)!r
s1
1 r
s2
2
≤ 1.
Inequality (11) yields that
|F (k1+s1,k2+s2)(z01 , z
0
2)|
(k1 + s1)!(k2 + s2)!l1
k1+s1(z0)l2
k2+s2(z0)
≤
|F (k
0
1,k
0
2)(z01 , z
0
2)|
k01!k
0
2!l1
k01(z0)l2
k02(z0)
.
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This means that for every j ∈ Z2+
|F (j1,j2)(z01 , z
0
2)|
j1!j2!l
j1
1 (z
0)lj22 (z
0)
≤ max
{
|F (k1,k2)(z01 , z
0
2)|
k1!k2!l
k1
1 (z
0)lk22 (z
0)
: k1 + k2 ≤ s0 + n0
}
where s0 and n0 are independent of z0. Therefore, the function F has bounded L-index in
joint variables N ≤ s0 + n0.
Theorem 2. Let L ∈ Q2(D2). In order that an analytic in D2 function F be of bounded
L-index in joint variables it is necessary that for every R ∈ B2 ∃n0 ∈ Z+ ∃p ≥ 1 ∀z
0 ∈ D2
∃k0 ∈ Z2+, k
0
1 + k
0
2 ≤ n0, and
max
{
|F (k
0
1,k
0
2)(z1, z2)| : z ∈ D
2
[
z0,
R
L(z0)
]}
≤ p|F (k
0
1,k
0
2)(z01 , z
0
2)| (12)
and it is sufficient that for every R ∈ B2 ∃n0 ∈ Z+ ∃p ≤ 1 ∀z
0 ∈ D2 ∃k01 ≤ n0 ∃k
0
2 ≤ n0 and
max
{
|F (k
0
1,0)(z1, z2)| : z ∈ D
2
[
z0,
R
L(z0)
]}
≤ p|F (k
0
1,0)(z01 , z
0
2)| (13)
max
{
|F (0,k
0
2)(z1, z2)| : z ∈ D
2
[
z0,
R
L(z0)
]}
≤ p|F (0,k
0
2)(z01 , z
0
2)|. (14)
Proof. Proof of Theorem 1 implies that the inequality (4) is true for some k0. Therefore, we
have
p0
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
≥
≥ max
{
1
k01!k
0
2!
|F (k
0
1,k
0
2)(z1, z2)|
l
k01
1 (z1, z2)l
k02
2 (z1, z2)
: z ∈ D2
[
z0,
R
L(z0)
]}
=
= max
{
|F (k
0
1,k
0
2)(z1, z2)|
k01!k
0
2!
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)l
k01
1 (z1, z2)l
k02
2 (z1, z2)
: z ∈ D2
[
z0,
R
L(z0)
]}
≥
≥ max
{
|F (k
0
1,k
0
2)(z1, z2)|
k01!k
0
2!
(λ2,1(R)λ2,2(R))
−n0
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
: z ∈ D2
[
z0,
R
L(z0)
]}
.
This inequality implies
p0(λ2,1(R)λ2,2(R))
n0
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
≥
≥ max
{
1
k01!k
0
2!
|F (k
0
1,k
0
2)(z1, z2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
: z ∈ D2
[
z0,
R
L(z0)
]}
. (15)
From (15) we obtain inequality (12) with p = p0(λ2,1(R)λ2,2(R))
n0 . The necessity of condition
(12) is proved.
Now we prove the sufficiency of (13) and (14). Suppose that for every R ∈ B2 ∃n0 ∈
Z+, p > 1 such that ∀z0 ∈ D
2 and some k01 ≤ n0, k
0
2 ≤ n0 the inequalities (13) and (14)
hold.
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We write Cauchy’s formula as following ∀z0 ∈ D2 ∀k01 ∈ Z ∀s ∈ Z
2
+
F (k
0
1+s1,s2)(z01 , z
0
2)
s1!s2!
=
1
(2pii)2
∫
T 2
(
z0, R
L(z0)
)
F (k
0
1,0)(z1, z2)
(z1 − z01)
s1+1(z2 − z02)
s2+1
dz1dz2.
This yields
|F (k
0
1+s1,s2)(z01 , z
0
2)|
s1!s2!
≤
1
(2pi)2
∫
T2
(
z0, R
L(z0)
)
|F (k1,k2)(z1, z2)|
|z1 − z01 |
s1+1|z2 − z02 |
s2+1
|dz1||dz2| ≤
≤
1
(2pi)2
∫
T2
(
z0, R
L(z0)
) max{|F (k1,0)(z1, z2)| : z ∈ D2}
ls1+11 (z
0)ls2+12 (z
0)
r1s1+1r2s2+1
|dz1||dz2| =
= max{|F (k1,0)(z1, z2)| : z ∈ D
2}
ls11 (z
0)ls22 (z
0)
r1s1r2s2
.
Now we put r1 = r2 = β and use (13)
|F (k
0
1+s1,s2)(z01 , z
0
2)|
s1!s2!
≤
ls11 (z
0)ls22 (z
0)
βs1+s2
max{|F (k1,0)(z1, z2)| : z ∈ D
2} ≤
≤
pls11 (z
0)ls22 (z
0)
βs1+s2
|F (k
0
1,0)(z01 , z
0
2)| (16)
We choose s1 + s2 ≥ s0, where
p
βs0
≤ 1. Therefore (16) implies
|F (k
0
1+s1,s2)(z01 , z
0
2)|
l
k01+s1
1 (z
0
1 , z
0
2 l
s2
2 (z
0
1 , z
0
2)(k
0
1 + s1)!s2!
≤
p
βs1+s2
s1!k
0
1!
(s1 + k01)!
|F (k
0
1,0)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)k
0
1!
≤
|F (k
0
1,0)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)k
0
1!
.
Similarly
|F (s1,k
0
2+s2)(z01 , z
0
2)|
ls11 (z
0
1 , z
0
2)l
k02+s2
2 (z
0
1 , z
0
2)(k
0
2 + s2)!s1!
≤
|F (0,k
0
2)(z01 , z
0
2)|
l
k02
2 (z
0
1 , z
0
2)k
0
2!
.
Consequently, N(F,L,D2) ≤ n0 + s0, as k
0
1 ≤ n0, k
0
2 ≤ n0.
Remark 1. Note that necessity of Theorem 2 was established by Bordulyak M. T. and
Sheremeta M. M. [2], Bandura A. I., Bordulyak M. T. and Skaskiv O. B. [1] for enti-
re functions of several variables. But they did not obtain sufficiency in this case, although
inequality (12) is necessary and sufficient condition of boundedness of l-index for functions
of one variable [6, 5, 22]. Our restrictions (13)-(14) are corresponding multidimensional
sufficient conditions. Moreover, assumptions (13) and (14) provide boundedness of l1- and
l2-index in the directions (1, 0) and (0, 1) accordingly (see definition and properties for entire
functions in [9, 10]). As a matter of fact, we implicitly deduce property similar to Theorem
6 in [1]. The theorem state that if an entire in Cn function F has bounded lj-index in a
direction ej for every j ∈ {1, ..., n}, then F is of bounded L-index in joint variables, where
L = (l1, . . . , ln), ej = (0, . . . , 0, 1︸︷︷︸
j−th place
, 0, . . . , 0).
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Denote L˜(z1, z2) = (l˜1(z1, z2), l˜2(z1, z2)). L ≍ L˜ means that ∃Θj = (θ1,j , θ2,j) ∈ R
2
+,
j ∈ {1, 2} such that ∀(z1, z2) ∈ D
2
θ1,j l˜j(z1, z2) ≤ lj(z1, z2) ≤ θ2,j l˜j(z1, z2).
Theorem 3. Let L ∈ Q2(D2) and L ≍ L˜. An analytic function F in D2 has bounded L˜-index
in joint variables if and only if it has bounded L-index.
Proof. It is easy to prove that if L ∈ Q2(D2) and L ≍ L˜ then L˜ ∈ Q2(D2).
Let N(F, L˜,D2) = n˜0 < +∞. Then by Theorem 11 for every R˜ = (r˜1, r˜2) ∈ B
2 there
exists p˜ ≥ 1 such that for each z0 ∈ D2 and some k0, k01 + k
0
2 ≤ n˜0, the inequality (4) holds
with L˜ and R˜ instead of L and R. Hence
p˜
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
=
p˜
k01!k
0
2!
θ
k01
2,1θ
k02
2,2|F
(k01,k
0
2)(z01 , z
0
2)|
θ
k01
2,1θ
k02
2,2l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
≥
≥
p˜
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
θ
k01
2,1θ
k02
2,2 l˜
k01
1 (z
0
1 , z
0
2)l˜
k02
2 (z
0
1 , z
0
2)
≥
≥
1
θ
k01
2,1θ
k02
2,2
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l˜
k1
1 (z1, z2)l˜
k2
2 (z1, z2)
: k1 + k2 ≤ n˜0, z ∈ D
2
[
z0,
R˜
L˜(z)
]}
≥
≥
1
θ
k01
2,1θ
k02
2,2
max
{
θk11,1θ
k2
1,2|F
(k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ n˜0, z ∈ D
2
[
z0,
R˜
L˜(z)
]}
≥
≥
min
0≤k1+k2≤n0
{θk11,1θ
k2
1,2}
θ
k01
2,1θ
k02
2,2
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: k1+k2≤ n˜0, z∈D
2
[
z0,
R˜
L˜(z)
]}
.
In view of Theorem 1 we obtain that function F has bounded L-index.
Theorem 4. Let L ∈ Q2(D2). An analytic function F in D2 has bounded L˜-index in joint
variables if and only if there exist R ∈ B2, n0 ∈ Z+, p0 > 1 such that for each z
0 ∈ D2(z0, R)
and for some k0 ∈ Z2+, k
0
1 + k
0
2 ≤ n0 the inequality (4) holds.
Proof. The sufficiency of this theorem follows from the sufficiency of Theorem 1. We prove
the necessity. The proof of Theorem 1 with R = (β, β) implies that N(F, L,D2) < +∞. Let
L
∗ = (βl1(z1,z2)
r1
, βl2(z1,z2)
r2
), R0 = (β, β). In general case from validity of (4) for F and L with
R = (r1, r2), rj < β, j ∈ {1, 2} we obtain
max
{
|F (k1,k2)(z1, z2)|
k1!k2!(βl1(z1, z2)/r1)k1(βl2(z1, z2)/r2)k2
: k1 + k2 ≤ n0, z ∈ D
2
[
z0,
R0
L∗(z0)
]}
≤
≤ max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ n0, z∈D
2
[
z0,
R
L(z0)
]}
≤
≤
p0
k01!k
0
2!
|F (k
0
1,k
0
2)(z01 , z
0
2)|
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
=
βk
0
1+k
0
2p0
r
k01
1 r
k02
2 k
0
1!k
0
2!
|F (k
0
1,k
0
2)(z1, z2)|
(βl1(z01 , z
0
2)/r1)
k01(βl2(z01 , z
0
2)/r2)
k02
<
<
p0β
2n0
(r1r2)n0
|F (k
0
1,k
0
2)(z1, z2)|
k01!k
0
2!(βl1(z
0
1 , z
0
2)/r1)
k01(βl2(z01 , z
0
2)/r2)
k02
.
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i. e. (4) holds for F, L∗ and R = (β, β). Now as above for R = (β, β) we apply Theorem 1
for function F (z1, z2) and L
∗(z1, z2) = (
l1(z1,z2)
r1
, l2(z1,z2)
r2
). This implies that F is of bounded
L
∗-index in joint variables. Therefore, by Theorem 3 the function F is of bounded L-index
in joint variables.
4. Estimate of maximum modulus on a bidisc.
For an entire function F (z) we put
M(R, z0, F ) = max{|F (z)| : z ∈ T2(z0, R)}.
Then M(R, z0, F ) = max{|F (z)| : z ∈ D2[z0, R]}, because the maximum modulus for an
entire function in a closed polydisc is attained on its skeleton.
Theorem 5. Let L ∈ Q2(D2). An analytic function F in D2 has bounded L-index in joint
variables if and only if for any R′, R′′ ∈ R2+, 0 < R
′ < R′′ ≤ (β, β) there exists p1 =
p1(R
′, R′′) ≥ 1 such that for each z0 ∈ D2
M
(
R′′
L(z0)
, z0, F
)
≤ pM
(
R′
L(z0)
, z0, F
)
. (17)
Proof. Let N(F, L,D2) = N < +∞. Suppose that inequality (17) does not hold i.e. there
exist R′, R′′, 0 < R′ < R′′, such that for each p∗ ≥ 1 and for some z
0 = z0(p∗)
M
(
R′′
L(z0)
, z0, F
)
> p∗M
(
R′
L(z0)
, z0, F
)
. (18)
By Theorem 2 there exists a number p0 = p0(R
′′) ≥ 1 such that for every z0 ∈ D2 and for
some k0 ∈ Z2+, k
0
1 + k
0
2 ≤ N, one has
M
(
R′′
L(z0)
, z0, F (k
0
1,k
0
2)
)
≤ p0|F
(k01,k
0
2)(z0)|. (19)
We put
b1 = p0N !
(
r′′1r
′′
2
r′1r
′
2
)N
λN2,1(R
′′)λN2,2(R
′′)
N∑
j=1
(N − j)!
(r
′′
1 )
j
b2 = p0λ
N
2,2(R
′′)
N∑
j=1
(N − j)!
(r
′′
2 )
j
max
{
1
(r
′′
1 )
N
, 1
}
p∗ = p0(N !)
2
(
r
′′
1r
′′
2
r
′
1r
′
2
)N
+ b1 + b2 + 1.
Let z0 = z0(p∗) be a point for which inequality (18) holds and k
0 is such for which (19)
holds. We choose z∗ and z∗(j1,j2) such that
M
(
R′
L(z0)
, z0, F
)
= |F (z∗)|, M
(
R′′
L(z0)
, z0, F (j1,j2)
)
= |F (j1,j2)(z∗(j1,j2))|
Boundedness of L-index in a bidisc 11
for every j = (j1, j2) ∈ Z
2
+, j1 + j2 ≤ N. We apply Cauchy’s inequality
|F (j1,j2)(z0)| ≤ j1!j2!
(
l1(z
0
1 , z
0
2)
r
′
1
)j1 ( l2(z01 , z02)
r
′
2
)j2
|F (z∗)| (20)
for estimate the difference
|F (j1,j2)(z∗j,1, z
∗
j,2)− F
(j1,j2)(z01 , z
∗
j,2)| =
∣∣∣∣∣
∫ z∗j,1
z01
F (j1+1,j2)(ζ, z∗j,2)dζ
∣∣∣∣∣ ≤
≤
∫ z∗j,1
z01
max
{
|F (j1+1,j2)(ζ, z∗j,2)| : |ζ − z
0
1 | =
r
′′
1
l1(z0)
}
|dζ | = |F (j1+1,j2)(z∗(j1+1,j2))|
r
′′
1
l1(z0)
. (21)
Since (z01 , z
∗
j,2) ∈ D
2
[
z0, R
′′
L(z0)
]
and for all k = 1, 2 we have that |z∗j,k − z
0
k| =
r
′′
k
lk(z0)
and
lk(z
0
1 , z
∗
j,2) ≤ λ2,k(R
′′)lk(z
0). Putting j = k0 in (20), by Theorem 1 we obtain that
|F (j1,j2)(z01 , z
∗
j,2)| ≤ j1!j2!p0|F
(k0)(z0)|
lj11 (z
0
1 , z
∗
j,2)l
j2
2 (z
0
1 , z
∗
j,2)
k01!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
≤
≤
j1!j2!λ
j1
2,1(R
′′)λj22,2(R
′′)lj11 (z
0)lj22 (z
0)
k01!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
p0k
0
1!k
0
2!
(
l1(z
0
1 , z
0
2)
r
′
1
)k01 ( l2(z01 , z02)
r
′
2
)k02
|F (z∗)| ≤
≤ j1!j2!λ
j1
2,1(R
′′)λj22,2(R
′′)p0
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02
|F (z∗)|. (22)
From inequalities (21) and (22) it follows that
|F (j1+1,j2)(z∗(j1+1,j2))| ≥
l1(z
0)
r
′′
1
(|F (j1,j2)(z∗j,1, z
∗
j,2)| − |F
(j1,j2)(z01 , z
∗
j,2)|) ≥
≥
l1(z
0)
r
′′
1
(|F (j1,j2)(z∗j,1, z
∗
j,2)| − j1!j2!λ
j1
2,1(R
′′)λj22,2(R
′′)p0
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02
|F (z∗)|) =
=
l1(z
0)
r
′′
1
|F (j1,j2)(z∗j,1, z
∗
j,2)| − j1!j2!λ
j1
2,1(R
′′)λj22,2(R
′′)p0l1(z
0)
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
r′′1(r
′
1)
k01(r′2)
k02
|F (z∗)|.
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We choose j = (j1, j2) = (k
0
1, k
0
2) and deduce
|F (k
0
1,k
0
2)(z∗k0)| ≥
l1(z
0)
r
′′
1
|F (k
0
1−1,k
0
2)(z∗(k01−1,k02)
)| −
p0(k
0
1 − 1)!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
r
′′
1 (r
′
1)
k01(r′2)
k02
×
×λj12,1(R
′′)λj22,2(R
′′)|F (z∗)|≥
l21(z
0)
(r
′′
1 )
2
|F (k
0
1−2,k
0
2)(z∗(k01−2,k02)
)|−
p0(k
0
1 − 2)!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r
′′
1 )
2(r′1)
k01(r′2)
k02
×
×λj12,1(R
′′)λj22,2(R
′′)|F (z∗)| −
p0(k
0
1 − 1)!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
r
′′
1 (r
′
1)
k01(r′2)
k02
λj12,1(R
′′)λj22,2(R
′′)|F (z∗)| ≥
≥ . . . ≥
l
k01
1 (z
0)
(r
′′
1 )
k01
|F (0,k
0
2)(z∗0,k02
)| −
p0k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r
′′
1 )
k01(r′1)
k01(r′2)
k02
λj12,1(R
′′)λj22,2(R
′′)|F (z∗)| − . . .−
−
p0(k
0
1 − 2)!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r
′′
1 )
2(r′1)
k01(r′2)
k02
λj12,1(R
′′)λj22,2(R
′′)|F (z∗)|−
−
p0(k
0
1 − 1)!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
r
′′
1 (r
′
1)
k01(r′2)
k02
λj12,1(R
′′)λj22,2(R
′′)|F (z∗)| =
=
l
k01
1 (z
0)
(r
′′
1 )
k01
|F (0,k
0
2)(z∗(0,k02)
)|−
p0k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02
λj12,1(R
′′)λj22,2(R
′′)|F (z∗)|
k01∑
j1=1
(k01 − j1)!
(r
′′
1 )
j1
≥
≥
l
k01
1 (z
0)
(r
′′
1 )
k01
l
k02
2 (z
0)
(r
′′
2 )
k02
|F (z∗(0,0))|−
p0k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02
λ
k01
2,1(R
′′)λ
k02
2,2(R
′′)|F (z∗)|
k01∑
j1=1
(k01 − j1)!
(r
′′
1 )
j1
−
−
p0l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02(r
′′
1 )
k01
λ
k02
2,2(R
′′)|F (z∗)|
k02∑
j2=1
(k02 − j2)!
(r
′′
2 )
j2
=
=
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
|F (z∗(0,0))| − |F (z
∗)|(b˜1 + b˜2), (23)
where
b˜1 =
p0k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′1)
k01(r′2)
k02
λ
k01
2,1(R
′′)λ
k02
2,2(R
′′)
k01∑
j1=1
(k01 − j1)!
(r
′′
1 )
j1
=
= p0k
0
2!
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
(r′′1)
k01(r′′2)
k02
(r′1)
k01(r′2)
k02
λ
k01
2,1(R
′′)λ
k02
2,2(R
′′)
k01∑
j1=1
(k01 − j1)!
(r
′′
1 )
j1
≤
≤ p0N !
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
(
r′′1r
′′
2
r′1r
′
2
)N
λN2,1(R
′′)λN2,2(R
′′)
N∑
j=1
(N − j)!
(r
′′
1 )
j
=
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
b1,
b˜2 =
p0
(r
′′
1 )
k01
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
λ
k02
2,2(R
′′)
k02∑
j2=1
(k02 − j2)!
(r
′′
2 )
j2
≤
≤p0
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
λN2,2(R
′′)
N∑
j=1
(N − j)!
(r
′′
2 )
j
max
{
1
(r
′′
1 )
N
, 1
}
=
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
b2.
(24)
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The inequality (23) implies that
|F (k
0
1,k
0
2)(z∗(k01 ,k02)
)| ≥
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
|F (z∗)|
(
|F (z∗(0,0))|
|F (z∗)|
− (b1 + b2)
)
.
In view of (18) we have that
|F (z∗
(0,0)
)|
|F (z∗)|
≥ p∗ > b1 + b2. Hence, applying (20) and (19) to (24),
we deduce
|F (k
0
1,k
0
2)(z∗(k01,k02)
)| ≥
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
|F (z∗)|(p∗ − (b1 + b2)) ≥
≥
l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
(r′′1)
k01(r′′2)
k02
(p∗ − (b1 + b2))
|F (k
0
1,k
0
2)(z0)|(r′1)
k01(r′2)
k02
k01!k
0
2!l
k01
1 (z
0
1 , z
0
2)l
k02
2 (z
0
1 , z
0
2)
≥
≥
(
r
′
1r
′
2
r
′′
1r
′′
2
)N
(p∗ − (b1 + b2))
|F (k
0
1,k
0
2)(z∗
(k01 ,k
0
2)
)|
p0(N !)2
.
Therefore, p∗ ≤ p0(N !)
2
(
r
′′
1 r
′′
2
r
′
1r
′
2
)N
+b1+b2, but it contradicts of choice p∗ = p0(N !)
2
(
r
′′
1 r
′′
2
r
′
1r
′
2
)N
+
b1 + b2 + 1. The necessity is proved.
Now we prove a sufficiency. Let z0 ∈ D2 be an arbitrary point. We expand a function F
in power series in D2(z0, R)
F (z) =
∑
k≥0
bk(z − z
0)k =
∑
k1≥0,k2≥0
bk1,k2(z1 − z
0
1)
k1(z2 − z
0
2)
k2, (25)
where k = (k1, k2), bk = bk1,k2 =
F (k1,k2)(z01 ,z
0
2)
k1!k2!
, R = (r1, r2).
Let µ(R, z0, F ) = max{|bk|R
k : k ≥ 0} = max{|bk1,k2|r
k1
1 r
k2
2 : k1 ≥ 0, k2 ≥ 0} be a
maximal term of series (25) and ν(R) = ν(R, z0, F ) = (ν01(R), ν
0
2(R)) be a set of indices such
that
µ(R, z0, F ) = |bν(R)|R
ν(R),
‖ν(R)‖ = ν1(R) + ν2(R) = max{k1 + k2 : k1 ≥ 0, k2 ≥ 0, |bk|R
k = µ(R, z0, F )}.
We apply Cauchy’s inequality
∀R = (r1, r2), 0 < rj < 1, j ∈ {1, 2} : µ(R, z
0, F ) ≤M(R, z0, F ).
Choosing R′ and R′′, 0 < r′j < 1, 1 < r
′′
j < β, we conclude
M(R′R, z0, F ) ≤
∑
k≥0
|bk|(R
′R)k ≤
∑
k≥0
µ(R, z0, F )(R′)k = µ(R, z0, F )
∑
k≥0
(R′)k =
=
2∏
j=1
1
1− r′j
µ(R, z0, F ).
Besides,
lnµ(R, z0, F ) = ln{|bν(R)|R
ν(R)} = ln
{
|bν(R)|(RR
′′)ν(R)
1
(R′′)ν(R)
}
=
= ln{|bν(R)|(RR
′′)ν(R)}+ ln
{
1
(R′′)ν(R)
}
≤ lnµ((R′′R, z0, F )− ‖ν(R)‖ lnmin{r′′1 , r
′′
2}.
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This implies that
‖ν(R)‖ ≤
1
lnmin{r′′1 , r
′′
2}
(lnµ(R′′R, z0, F )− lnµ(R, z0, F )) ≤
≤
1
lnmin{r′′1 , r
′′
2}
(
lnM(R′′R, z0, F )− ln((1− r′1)(1− r
′
2)M(R
′R, z0, F ))
)
≤
≤
1
lnmin{r′′1 , r
′′
2}
(
lnM(R′′R, z0, F )− lnM(R′R, z0, F ))
)
−
∑2
j=1 ln(1− r
′
j)
lnmin{r′′1 , r
′′
2}
=
=
1
lnmin{r′′1 , r
′′
2}
ln
M(R′′R, z0, F )
M(R′R, z0, F )
−
∑2
j=1 ln(1−Rj)
lnmin{r′′1 , r
′′
2}
. (26)
Put R = 1
L(z0)
. Now let N(F, z0,L) be a L-index of the function F in joint variables at point
z0 i. e. it is the least integer for which inequality (1) holds at point z0. Clearly that
N(F, z0,L) ≤ ν
(
1
L(z0)
, z0, F
)
= ν(R, z0, F ). (27)
But
M
(
R′′
L(z0)
, z0, F
)
≤ p1(R
′, R′′)M
(
R′
L(z0)
, z0, F
)
. (28)
Therefore, from (26), (27), (28) we obtain that ∀z0 ∈ D2
N(F, z0,L) ≤
−
∑2
j=1 ln(1− r
′
j)
lnmin{r′′1 , r
′′
2}
+
ln p1(R
′, R′′)
lnmin{r′′1 , r
′′
2}
.
This means that F has bounded L-index in joint variables.
5. Theorem of Hayman for analytic in a bidisc function of bounded L-index in
joint variables.
Theorem 6. Let L ∈ Q2(D2). An analytic function F in D2 has bounded L-index in joint
variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each z = (z1, z2) ∈ D
2
the next inequality holds
max
{
|F (j1,j2)(z1, z2)|
lj11 (z1, z2)l
j2
2 (z1, z2)
: j1 + j2 = p+ 1
}
≤ cmax
{
|F (k1,k2)(z1, z2)|
lk11 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ p
}
.
(29)
Proof. Let N = N(F,L,D2) < +∞. The proof of the necessity implies from the definition of
the boundedness of L-index in joint variables with p = N and c = ((N +1)!)2. We prove the
sufficiency. Let (29) holds, z0 ∈ D2, z ∈ T2
(
z0, β
L(z0)
)
. For all j = (j1, j2) ∈ Z
2
+, j1+j2 ≤ p+1
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we have
|F (j1,j2)(z)|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
≤
|F (j1,j2)(z)|lj11 (z1, z2)l
j2
2 (z1, z2)
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)l
j1
1 (z1, z2)l
j2
2 (z1, z2)
≤ λj12,1(β)λ
j2
2,2(β)×
×
|F (j1,j2)(z)|
lj11 (z1, z2)l
j2
2 (z1, z2)
≤ λj12,1(β)λ
j2
2,2(β)cmax
{
|F (k1,k2)(z1, z2)|
lk11 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ p
}
=
= λj12,1(β)λ
j2
2,2(β)cmax
{
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)|F
(k1,k2)(z1, z2)|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: k1 + k2 ≤ p
}
≤
≤ λj12,1(β)λ
j2
2,2(β)cmax
{
1
λk12,1(β)λ
k2
2,2(β)
|F (k1,k2)(z1, z2)|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: k1 + k2 ≤ p
}
≤
≤ max{λj12,1(β)λ
j2
2,2(β) : j1 + j2 ≤ p+ 1}cmax
{
1
λk12,1(β)λ
k2
2,2(β)
: k1 + k2 ≤ p
}
×
×max
{
|F (k1,k2)(z1, z2)|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: k1 + k2 ≤ p
}
= B ·G(z),
where
B = cmax{λj12,1(β)λ
j2
2,2(β) : j1 + j2 ≤ p+ 1}max
{
1
λk12,1(β)λ
k2
2,2(β)
: k1 + k2 ≤ p
}
,
G(z) = max
{
|F (k1,k2)(z1, z2)|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: k1 + k2 ≤ p
}
.
We choose z(1) = (z
(1)
1 , z
(1)
2 ) ∈ T
2
(
z0, 1
2βL(z0)
)
arbitrarily and z(2)=(z
(2)
1 , z
(2)
2 )∈T
2
(
z0, β
L(z0)
)
such that
|F (z(2))| = max
{
|F (z)| : z ∈ T2
(
z0,
β
L(z0)
)}
. (30)
We connect the points z(1) and z(2) with plane
α : z2 = k2z1 + c2
z2 − z
(1)
2
z
(2)
2 − z
(1)
2
=
z1 − z
(1)
1
z
(2)
1 − z
(1)
1
, k2 =
z
(2)
2 − z
(1)
2
z
(2)
1 − z
(1)
1
, c2 =
z
(1)
2 z
(2)
1 − z
(1)
1 z
(2)
2
z
(2)
1 − z
(1)
1
.
Let ˜G(z1) = G(z)|α be a restriction of the function G onto α. All functions F
(k1,k2)|α are
analytic functions of z1 in a unit disc and G˜(z
(1)
1 ) = G(z
(1)) 6= 0, otherwise all derivatives of
F at the point z(1) equal 0 and F ≡ 0. That’s why zeros of the function G˜(z(1)) are isolated
as zeros of a function of one variable. Therefore we can choose on α piecewise analytic curve
γ = {z = (z1(t), k2z1(t) + c2), 0 ≤ t ≤ T},
which joins z(1) and z(2) so that G(z(t)) 6= 0 and its length does not exceed
∫ T
0
|z
′
1(t)|dt ≤
2β2+1
2βl1(z0)
. Then∫ T
0
|z
′
2(t)|dt = |k2|
∫ T
0
|z
′
1(t)|dt ≤
∣∣∣∣∣z
(2)
2 − z
(1)
2
z
(2)
1 − z
(1)
1
∣∣∣∣∣ 2β
2 + 1
2βl1(z0)
≤
2β2 + 1
2βl2(z0)
2βl1(z
0)
2β2 − 1
2β2 + 1
2βl1(z0)
=
=
(2β2 + 1)2
l2(z0)(2β2 − 1)2β
.
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Hence,∫ T
0
2∑
i=1
li(z)|z
′
i(t)|dt ≤ λ2,2(β)l2(z
0)
(2β2 + 1)2
l2(z0)(2β2 − 1)2β
+ λ2,1(β)l1(z
0)
2β2 + 1
l1(z0)2β
=
= λ2,2(β)
(2β2 + 1)2
(2β2 − 1)2β
+ λ2,1(β)
2β2 + 1
2β
. (31)
The upper estimate in (31) we denote by S. Without loss of generality we can assume that
the function z = z(t) is analytic on [0, T ]. Then for arbitrary k ∈ Z2+, j ∈ Z
2
+, ‖k‖ ≤ p, ‖j‖ ≤
p, k 6= j either
|F (k1,k2)(z1(t), z2(t))|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
≡
|F (j1,j2)(z1(t), z2(t))|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
or the equality
|F (k1,k2)(z1(t), z2(t))|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
=
|F (j1,j2)(z1(t), z2(t))|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
holds only for a finite set of points tk ∈ [0;T ]. Hence we can partition the segment [0;T ]
onto a finite number of segments such that on each of them the equality
G(z(t)) =
|F (j1,j2)(z1(t), z2(t))|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
holds with some j1+j2 ≤ p. The function G(z(t)) is a continuously differentiable function wi-
th the exception, perhaps, of a finite set of points. Using the inequality d
dx
|ϕ(x)| ≤
∣∣ d
dx
ϕ(x)
∣∣ ,
which holds for complex-valued functions of real argument outside a countable set of points,
in view of (4), we have
d
dt
G(z(t)) ≤ max
{
1
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
∣∣∣∣ ddtF (j1,j2)(z1(t), z2(t))
∣∣∣∣ : j1 + j2 ≤ p
}
≤
≤ max
{
|F (j1+1,j2)(z1(t), z2(t))| · |z
′
1(t)|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
+
|F (j1,j2+1)(z1(t), z2(t))| · |z
′
2(t)|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
: j1 + j2 ≤ p
}
=
= max
{
|F (j1+1,j2)(z(t))|
|z
′
1(t)|l1(z
0)
lj1+11 (z
0)lj22 (z
0)
+ |F (j1,j2+1)(z(t))|
|z
′
2(t)|l2(z
0)
lj11 (z
0)lj2+12 (z
0)
: j1 + j2 ≤ p
}
≤
≤ (|z
′
1(t)|l1(z
0) + |z
′
2(t)|l2(z
0))max
{
|F (j1,j2)(z1(t), z2(t))|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
: j1 + j2 ≤ p+ 1
}
≤
≤
(
2∑
i=1
li(z
0)|z
′
i(t)|
)
BG(z(t)).
Therefore, (31) yields∣∣∣∣ln G(z(2))G(z(1))
∣∣∣∣ =
∣∣∣∣
∫ T
0
1
G(z(t))
d
dt
G(z(t))
∣∣∣∣ ≤ B
∫ T
0
2∑
i=1
li(z
0)|z
′
i(t)|dt ≤ B · S.
Using (30) we deduce
max
{
|F (z)| : z ∈ T2
(
z0,
β
L(z0)
)}
= |F (z(2))| ≤ G(z(2)) ≤ G(z(1)) · expBS.
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Since z(1) ∈ T2(z0, 1
2βL(z0)
) then for all j ∈ Z2+ the Cauchy inequality holds:
|F (j)(z(1))|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
≤ j1!j2!(2β)
j1+j2M
(
1
2βL(z0)
, z0, F
)
.
Therefore, G(z(1)) ≤ (p!)2(2β)2pM( 1
2βL(z0)
, z0, F ) and
max
{
|F (z)| : z ∈ T2
(
z0,
β
L(z0)
)}
≤eBS(p!)2(2β)2pmax
{
|F (z)| : z ∈ T2
(
z0,
1
2βL(z0)
)}
.
Hence, by Theorem 5 F is a function of bounded L-index in joint variables.
Theorem 7. Let β > 1, L ∈ Q2(D2). An analytic function F in D2 has bounded L-index in
joint variables if and only if there exist c ∈ (0; +∞) and N ∈ N such that for each z ∈ D2
the next inequality holds
N∑
k1+k2=0
F (k1,k2)(z1, z2)
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
≥ c
∞∑
k1+k2=N+1
F (k1,k2)(z1, z2)
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
. (32)
Proof. Let 1
β
< θj < 1, j ∈ {1, 2}. If F has bounded L-index in joint variables then by
Theorem 3 F has bounded L˜-index in joint variables, where L˜ = (l˜1(z), l˜2(z)), l˜j(z) = θjlj(z),
j ∈ {1, 2}. Therefore,
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N(F, L˜,D
2)
}
=
= max
{
θk11 θ
k2
2 |F
(k1,k2)(z1, z2)|
k1!k2!l˜
k1
1 (z1, z2)l˜
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N(F, L˜,D
2)
}
≥
≥ (θ1θ2)
N(F,L˜,D2) max
{
|F (k1,k2)(z1, z2)|
k1!k2!l˜
k1
1 (z1, z2)l˜
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N(F, L˜,D
2)
}
≥
≥ (θ1θ2)
N(F,L˜,D2) |F
(j1,j2)(z1, z2)|
j1!j2!l˜
j1
1 (z1, z2)l˜
j2
2 (z1, z2)
=
= θ
N(F,L˜,D2)−j1
1 θ
N(F,L˜,D2)−j2
2
|F (j1,j2)(z1, z2)|
j1!j2!l
j1
1 (z1, z2)l
j2
2 (z1, z2)
for all j1 ≥ 0, j2 ≥ 0 and
∞∑
j1+j2=N(F,L˜,D2)+1
|F (j1,j2)(z1, z2)|
j1!j2!l
j1
1 (z1, z2)l
j2
2 (z1, z2)
≤
≤ max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N(F, L˜,D
2)
}
×
×
∞∑
j1+j2=N(F,L˜,D2)+1
θ
j1−N(F,L˜,D2)
1 θ
j2−N(F,L˜,D2)
2 =
=
θ1θ2
(1− θ1)(1− θ2)
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N(F, L˜,D
2)
}
≤
≤
θ1θ2
(1− θ1)(1− θ2)
N(F,L˜,D2)∑
k1+k2=0
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
.
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Hence, we obtain (32) with N = N(F, L˜,D2) and c = θ1θ2
(1−θ1)(1−θ2)
. On the contrary, inequality
(32) imply
max
{
|F (j1,j2)(z1, z2)|
j1!j2!l
j1
1 (z1, z2)l
j2
2 (z1, z2)
: j1 + j2 = N + 1
}
≤
≤
∞∑
k1+k2=N+1
F (k1,k2)(z1, z2)
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
≤
1
c
N∑
k1+k2=0
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
≤
≤
(N + 1)N
2c
max
{
|F (k1,k2)(z1, z2)|
k1!k2!l
k1
1 (z1, z2)l
k2
2 (z1, z2)
: 0 ≤ k1 + k2 ≤ N
}
and by Theorem 6 F is of bounded L-index in joint variables.
6. Some property of power expansion of analytic in a bidisc function of bounded
L-index in joint variables. Let (z01 , z
0
2) ∈ D
2. We develop an analytic in D2 function
F (z1, z2) in the power series written in a diagonal form
F (z1, z2) =
∞∑
k1+k2=0
pk1+k2((z1 − z
0
1), (z2 − z
0
2)) =
∞∑
k=0
∑
j1+j2=k
bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2, (33)
where pk are homogeneous polynomials of k-th power. The polynomial pk0, k0 ∈ Z+, is called
a main polynomial in the power expansion (33) on T2(z0, R) if for every z ∈ T2(z0, R) the
next inequality holds:
|
∑
k1+k2 6=k0
pk1+k2((z1 − z
0
1), (z2 − z
0
2))| ≤
1
2
max{|bj1,j2|r
j1
1 r
j2
2 : j1 + j2 = k
0},
where bj1,j2 =
F (j1,j2)(z01 , z
0
2)
j1!j2!
.
Theorem 8. Let β > 1, L ∈ Q2(D2). An analytic function F in D2 has bounded L-index
in joint variables if and only if there exists p ∈ Z+ that for all d ∈ (0; β] there exists
η(d) ∈ (0; d) such that for each z0 ∈ D2 and some r = r(d, z0) ∈ (η(d), d), k0 = k0(d, z0) ≤ p
the polynomial pk0 is the main polynomial in the series (33) on T
2(z0, R
L(z0)
) with R = (r, r).
Proof. Let F be of bounded L-index in joint variables with N = N(F,L,D2) < +∞ and n0
be L-index in joint variables at a point z0 ∈ D2. Then for each z0 ∈ D2 n0 ≤ N . We put
a∗j1,j2 =
|bj1,j2|
lj11 (z
0)lj22 (z
0)
=
|F (j1,j2)(z01 , z
0
2)|
j1!j2!l
j1
1 (z
0)lj22 (z
0)
,
ak = max{a
∗
j1,j2
: j1 + j2 = k},
c = 2((N + 1)3 + 6(N + 3)!).
Let d ∈ (0; β] be an arbitrary number. We put rm =
d
(d+1)cm
, m ∈ Z+ and denote
µm = max{akr
k
m : k ∈ Z+}, sm = min{k : akr
k
m = µm}.
Since z0 is a fixed point the inequality a∗k1,k2 ≤ max{a
∗
j1,j2
: j1 + j2 ≤ n0} is valid for all
(k2, k2) ∈ Z
2
+. Then ak ≤ an0 for all k ∈ Z+. Hence, for all k > n0 in view of r0 < 1 we have
akr
k
0 < an0r
n0
0 .
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This implies s0 ≤ n0. Since crm = rm−1, we obtain that for each k > sm−1
asm−1r
sm−1
m = asm−1r
sm−1
m−1 c
−sm−1 ≥ akr
k
m−1c
−sm−1 = akr
k
mc
k−sm−1 ≥ cakr
k
m. (34)
From (34) it follows that sm ≤ sm−1 for all m ∈ N. Thus, we can rewrite
µ0 = max{akr
k
0 : k ≤ n0}, µm = max{akr
k
m : k ≤ sm−1}.
We denote
µ∗0 = max{akr
k
0 : s0 6= k ≤ n0},
µ∗m = max{akr
k
m : sm 6= k ≤ sm−1},
s∗0 = min{k : k 6= s0, akr
k
0 = µ
∗
0},
s∗m = min{k : k 6= sm, akr
k
m = µ
∗
m}, m ∈ N
and we will show that there exists m0 ∈ Z+ such, that
µ∗m0
µm0
≤
1
c
. (35)
Suppose that for all m ∈ Z+ the next inequality holds
µ∗m
µm
>
1
c
. (36)
If s∗m < sm (s
∗
m 6= sm in view of definition) then we have
as∗mr
s∗m
m+1 =
as∗mr
s∗m
m
cs∗m
=
µ∗m
cs∗m
>
µm
cs∗m+1
=
asmr
sm
m
cs∗m+1
=
asmr
sm
m+1
cs∗m+1−sm
≥ asmr
sm
m+1,
and for all k > s∗m, k 6= sm, similarly,
as∗mr
s∗m
m+1 =
as∗mr
s∗m
m
cs∗m
≥
akr
k
m
cs∗m
≥
akr
k
m
ck−1
=
cakr
k
m
ck
= cakr
k
m+1,
i.e. as∗mr
s∗m
m+1 > akr
k
m+1 for all k > s
∗
m. Hence,
sm+1 ≤ s
∗
m ≤ sm − 1. (37)
On the contrary, if sm < s
∗
m ≤ sm−1 then the equality sm+1 = sm may hold. But in this case
the inequalities s∗m+1 ≤ sm and s
∗
m 6= sm+1 imply that
s∗m+1 < sm+1 (s
∗
m+1 6= sm+1).
Instead of (37) we have the inequality
sm+2 ≤ s
∗
m+1 ≤ sm+1 − 1 = sm − 1.
Hence, if for all m ∈ Z+ estimate (36) is true then for all m ∈ Z+ either inequality sm+1 ≤
sm − 1 or sm+2 ≤ sm − 1 holds, i.e. sm+2 ≤ sm − 1, because sm+2 ≤ sm+1. It implies that
sm ≤ sm−2 − 1 ≤ . . . ≤ sm−2⌊m
2
⌋ −
⌊m
2
⌋
≤ s0 −
⌊m
2
⌋
≤ n0 −
⌊m
2
⌋
≤ N −
⌊m
2
⌋
,
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i.e. sm < 0 if only m > 2N + 1, which is impossible. Therefore, there exists m0 ≤ 2N + 1
such that (35) holds. We put
r = rm0 , η(d) =
d
(d+ 1)c2(N+1)
, p = N and k0 = sm0 .
Then for all j1 + j2 6= k0 = sm0 on T
2(z0, r
L(z0)
) in view (35) we have
|bj1,j2||z1 − z
0
1 |
j1|z2 − z
0
2 |
j2 = a∗j1,j2r
j1+j2 ≤ aj1+j2r
j1+j2 ≤ µ∗m0 ≤
1
c
µm0 ≤
≤
1
c
asm0r
sm0
m0 =
1
c
ak0r
k0 .
Thus, on T2(z0, r
L(z0)
) we obtain∣∣∣∣∣ ∑
j1+j2 6=k0
bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2
∣∣∣∣∣ ≤ ∑
j1+j2 6=k0
a∗j1,j2r
j1+j2 ≤
∞∑
k=0,k 6=k0
ak(k + 1)
2rk =
=
sm0−1∑
k=0, k 6=sm0
ak(k + 1)
2rk +
∞∑
k=sm0−1+1
ak(k + 1)
2rk. (38)
We will estimate two sums in (38). From (35) it follows that µ∗m0 ≤
1
c
µm0 or max{akr
k
m0
: k 6=
sm0 , k ≤ sm0−1} ≤
1
c
max{akr
k
m0
: k 6= sm0 , k ≤ sm0−1}, i. e. akr
k ≤ 1
c
ak0r
k0. Then
sm0−1∑
k=0, k 6=sm0
ak(k + 1)
2rk ≤
ak0r
k0
c
N∑
k=0
(k + 1)2 ≤
ak0r
k0
c
(N + 1)3. (39)
For each k the inequality akr
k
m0−1
≤ µm0−1 holds and, hence,
akr
k
m0
=
akr
k
m0−1
ck
≤
µm0−1
ck
. (40)
Using (40) and (35) we deduce
∞∑
k=sm0−1+1
ak(k + 1)
2rk ≤ µm0−1
∞∑
k=sm0−1+1
(k + 1)2
1
ck
= asm0−1r
sm0−1
m0−1
∞∑
k=sm0−1+1
(k + 1)2
1
ck
=
= asm0−1
r
sm0−1
m0−1
csm0−1
csm0−1
∞∑
k=sm0−1+1
(k + 1)2
1
ck
≤asm0−1r
sm0−1
m0 c
sm0−1
∞∑
k=sm0−1+1
(k + 1)(k + 2)
1
ck
≤
≤
asm0r
sm0
c
csm0−1
( ∞∑
k=sm0−1+1
xk+2
)(2)∣∣∣∣
x= 1
c
=
ak0r
k0
c
csm0−1
(
xsm0−1+3
1− x
)(2) ∣∣∣∣
x= 1
c
=
=
ak0r
k0
c
csm0−1
(
(sm0−1 + 3)(sm0−1 + 2)x
sm0−1+1
1− x
+
2(sm0−1 + 3)x
sm0−1+2
(1− x)2
+
2xsm0−1+3
(1− x)3
)∣∣∣∣
x= 1
c
≤
≤
ak0r
k0
c
csm0−12(sm0−1 + 3)(sm0−1 + 2)
2∑
j=0
xsm0−1+1+j
(1− x)1+j
∣∣∣∣
x= 1
c
≤
≤
ak0r
k0
c
2(N + 3)!
2∑
j=0
1
(c− 1)1+j
≤
ak0r
k0
c
6(N + 3)!, (41)
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because c ≥ 2. Hence, from (39) and (41) we obtain∣∣∣∣∣ ∑
j1+j2 6=k0
bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2
∣∣∣∣∣ ≤
≤
ak0r
k0
c
(N + 1)3 + 6
ak0r
k0
c
(N + 3)! =
ak0r
k0
c
((N + 1)3 + 6(N + 3)!) =
1
2
ak0r
k0,
Therefore, the polynomial pk0 is the main polynomial in the series (33) on T
2(z0, R
L(z0)
).
The necessity is proved.
Now we prove the sufficiency. Suppose that there exist p ∈ Z+ and η ∈ (0, d) such that
for each z0 ∈ D2 and d = 1 < β with some r = r(1, z0) ∈ (η(1), 1) and k0 = k0(1, z
0) ≤ p the
polynomial pk0 is the main polynomial in the series (33) on T
2(z0, R
L(z0)
). Then∣∣∣∣∣ ∑
j1+j2 6=k0
bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2
∣∣∣∣∣ =
∣∣∣∣∣F (z1, z2)− ∑
j1+j2=k0
bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2
∣∣∣∣∣ ≤
≤
ak0r
k0
2
. (42)
Using (42) and Cauchy’s inequality we have:
|bj1,j2(z1 − z
0
1)
j1(z2 − z
0
2)
j2| = a∗j1,j2r
j1+j2 ≤
ak0r
k0
2
for all j1, j2 ∈ Z+, i.e. for all k 6= k0
akr
k ≤
ak0r
k0
2
. (43)
Suppose that F is not a function of bounded L-index in joint variables. Then in view of
theorem 6 for all p1 ∈ Z+ and c ≥ 1 there exists z
0 ∈ D2 such that the next inequality holds:
max
{
|F (j1,j2)(z01 , z
0
2)|
lj11 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
: j1 + j2 = p1 + 1
}
>cmax
{
|F (k1,k2)(z01 , z
0
2)|
lk11 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: k1 + k2 ≤ p1
}
.
We put p1 = p and c =
(
(p+1)!
(η(1))p+1
)2
. Then for this z0(p1, c) we obtain:
max
{
|F (j1,j2)(z01 , z
0
2)|
j1!j2!l
j1
1 (z
0
1 , z
0
2)l
j2
2 (z
0
1 , z
0
2)
: j1 + j2 = p+ 1
}
>
>
1
(η(1))p+1
max
{
|F (k1,k2)(z01 , z
0
2)|
k1!k2!l
k1
1 (z
0
1 , z
0
2)l
k2
2 (z
0
1 , z
0
2)
: k1 + k2 ≤ p
}
,
i.e. ap+1 >
ak0
(η(1))p+1
and, hence, ap+1r
p+1 >
ak0r
p+1
(η(1))p+1
≥ ak0r
k0. This is a contradiction with
(43). Therefore, F is of bounded L-index in joint variables.
It is easy to see that in the poof of sufficiency the radii R = (r, r) of skeleton T2(z0, R
L(z0)
)
can be replaced by the radii R = (r1, r2), where r1 is not necessarily equal to r2. Thus, the
following theorem is true.
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Theorem 9. Let β > 1, L ∈ Q2(D2). If there exists p ∈ Z+ that for all d ∈ (0; β] there exists
η(d) ∈ (0; d) such that for each z0 ∈ D2 and some R = (r1, r2) with rj = rj(d, z
0) ∈ (η(d), d),
j ∈ {1, 2}, and certain k0 = k0(d, z0) ≤ p the polynomial pk0 is the main polynomial in the
series (33) on T2(z0, R
L(z0)
) then the analytic function F in D2 has bounded L-index in joint
variables.
Remark 2. Theorem 2 and 9 are new even for entire functions of bounded L-index in joint
variables.
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